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Abstract
For a Lie groupoid G with algebroid g, one says that a subalgebroid h ⊂ g is developable if it can be
integrated to a closed Lie subgroupoid of the universal covering groupoid of G. Under some additional
hypotheses, we construct an algebroid b, depending on G and h, and prove that the developability of h is
equivalent to the integrability of b. This result extends the Almeida–Molino obstruction to developability
of foliations.
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0. Introduction
In this paper we continue our study—begun in [15]—of some of the most basic properties of
Lie subgroups and subalgebras, in the wider context of Lie groupoids and Lie algebroids. These
objects occur naturally in many contexts, such as Poisson geometry, group actions, quantization
and foliation theory [3–5,7,12,18]. One of the main features which makes the basic theory of Lie
algebroids and Lie groupoids so much more involved than that of Lie algebras and Lie groups is
that Lie algebroids may not be integrable. In other words, any Lie groupoid has a Lie algebroid
as its infinitesimal part, but not every Lie algebroid arises in this way.
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foliations on compact manifolds. Recall that a foliation on a manifold M is called developable if
its lift to the universal covering space M˜ of M is given by the fibers of a submersion into another
manifold. Given any transversely complete foliation F of a compact manifold M , Almeida and
Molino [1] discovered an associated Lie algebroid b(M,F), and proved that
F is developable if and only if b(M,F) is integrable. (1)
One way to construct a developable foliation is as the kernel of a Maurer–Cartan form on M
with coefficients in a Lie algebra. One can view the Almeida–Molino result as stating that any
transversely complete foliation on a compact manifold is the kernel of a Maurer–Cartan form
with coefficients in a Lie algebroid, and that this Lie algebroid is integrable if and only if the
foliation is developable.
Our goal is to extend this result to Lie groupoids, in the following way. Consider a Lie
groupoid G over a manifold M , and a subalgebroid h of the Lie algebroid g of G. We say
that h is developable if it can be integrated to a closed subgroupoid of the universal covering
groupoid G˜ of G. Under conditions of source-compactness and transverse completeness (as in
the Almeida–Molino case) we will construct another Lie algebroid b(G,h), and prove an equiv-
alence
h is developable if and only if b(G,h) is integrable (2)
(see Theorem 9 for a precise statement). This is formally similar to the Almeida–Molino re-
sult (1), and in fact includes the latter. To explain the relation, recall that any manifold M defines
a pair groupoid G = M ×M , whose universal covering groupoid G˜ is the fundamental groupoid
Π(M) given by homotopy classes of paths in M . Any transversely complete foliation F on M
can be viewed as a subalgebroid of the Lie algebroid of G, and we will show (Corollary 22) that
F is a developable foliation if and only if it can be integrated by a closed subgroupoid of Π(M).
This shows that (1) is a special case of (2).
In Section 1, we discuss Lie algebroid valued Maurer–Cartan forms, and state our main result
(Theorem 9). For its proof, we observe that for a Lie groupoid G over a manifold M , any subal-
gebroid h of the Lie algebroid g of G defines a foliation F(h) of G, whose leaves are contained
in the fibers of the source map s :G → M . In Section 2 we will show that if the foliation F(h) is
locally transversely parallelizable and the fibers of s are compact, then F(h) makes s :G → M
into a locally trivial bundle of transversely complete foliations. This fact is independent of the
groupoid structure on G, and we will prove it in the general context of a submersion s :N → M
with suitably foliated fibers, see Theorem 16. Next, we will give various characterizations of the
fiberwise developability of a locally trivial bundle N → M of foliated manifolds, and prove that
this property is equivalent to the integrability of a specific algebroid (Theorem 27). Finally, we
will apply our results on bundles of foliated manifolds to groupoids, and prove Theorem 9.
1. Developable subgroupoids and Maurer–Cartan forms
We begin by introducing the notion of developability for subalgebroids, which is motivated
by the well-known notion of developability for foliations.
For a Lie groupoid G over a base manifold M , we shall denote by s :G → M the source map
of G, and by t :G → M the target map of G. Recall that G is said to be source-connected if the
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source map of G are simply connected. In this paper, we shall assume that all Lie groupoids are
source-connected and have connected base manifolds.
Let G be a (source-connected) Lie groupoid over a (connected) manifold M , and let g be the
Lie algebroid of G. We denote by G˜ the source-simply connected covering groupoid of G which
has the same Lie algebroid as G.
We shall consider subalgebroids of g over the same base M . Recall from [15] that such a
subalgebroid h of g corresponds to a right-invariant foliation F(h) of G which refines the folia-
tion F(s) of G given by the fibers of the source map, F(h) ⊂ F(s). Any (injectively immersed
source-connected) Lie subgroupoid H of G over the same base M gives rise to a Lie subalge-
broid h of g, and in turn the leaves of F(h) are precisely the right cosets of H in G. In this case
we write F(H) = F(h), and we say that H integrates h, or more precisely, that the inclusion
H → G integrates the inclusion h → g. We denote by G/H the space of leaves of the associated
foliation F(H).
We say that a subalgebroid h of g is developable if h can be integrated to a closed subgroupoid
of the source-simply connected cover G˜ of G. A subgroupoid H of G is developable if the
associated Lie subalgebroid of g is.
Recall that a foliation F of a manifold N is simple if it is given by the components of the
fibers of a submersion into a Hausdorff manifold. It is called strictly simple if there exists a
smooth structure of a Hausdorff manifold on the space of leaves N/F such that the quotient map
N → N/F is a submersion. The results of [15] provide the following equivalent formulation of
developability:
Proposition 1. Let G be a Lie groupoid with Lie algebroid g, and let h be a subalgebroid of g.
The following two statements are equivalent:
(i) The Lie algebroid h is developable.
(ii) The pull-back of the foliation F(h) to the source-simply connected cover of G is strictly
simple.
Proof. This equivalence follows directly from [15, Propositions 7 and 8(ii)] and the fact that
pull-back of the foliation F(h) to the source-simply connected cover G˜ of G is the foliation of
G˜ given by the same subalgebroid h ⊂ g. 
Example 2. Recall that a foliation F of a manifold N is called developable if its pull-back to
the universal covering space of the manifold is strictly simple. Such a foliation F can be viewed
as a subalgebroid of the Lie algebroid T (N). The Lie algebroid T (N) is integrated by the pair
groupoid N × N , but also by the source-simply connected fundamental groupoid Π(N) of N .
By Corollary 22 below, the foliation F is developable if and only if F , viewed as a subalge-
broid of T (N), is integrable by a closed subgroupoid of Π(N). In this way, our definition of
developability of subalgebroids extends the usual one for foliations.
An important class of examples are the subalgebroids which arise as kernels of Maurer–Cartan
forms, which we now discuss.
Let g be a Lie algebroid over M , and let k be a finite-dimensional Lie algebra. Then k pulls
back to an algebroid kM = k × M over M , with zero anchor. Suppose that we are given a (left)
action ∇ of g on kM along the identity map of M . Recall from [11,13] that such an action assigns
4 I. Moerdijk, J. Mrcˇun / Advances in Mathematics 210 (2007) 1–21to each section X ∈ Γ (g) a derivation ∇X on the Lie algebra C∞(M, k) of smooth k-valued
functions, C∞(M)-linear and flat in X,
∇[X,Y ] = ∇X∇Y − ∇Y∇X,
which moreover satisfies the Leibniz law
∇X(f α) = f∇X(α) + an(X)(f )α
for any f ∈ C∞(M) and any α ∈ C∞(M, k).
A Maurer–Cartan form on g with coefficients in k is a map ω :g → kM of vector bundles over
M satisfying the Maurer–Cartan equation
dω + 1
2
[ω,ω] = 0.
Here d is the differential of the Lie algebroid cohomology of g with coefficients in k,
2dω(X,Y ) = ∇X
(
ω(Y )
)− ∇Y (ω(X))−ω([X,Y ]),
while the bracket on maps ω,λ :g → kM of vector bundles over M is given by
2[ω,λ](X,Y ) = [ω(X),λ(Y )]− [ω(Y ),λ(X)].
Such a Maurer–Cartan form ω :g → kM is said to be non-degenerate if it is surjective as a map
of vector bundles over M .
Example 3. Let k be a finite-dimensional Lie algebra, and let g be a Lie algebroid over M . The
trivial action ∇ triv of g on k × M = kM , along the identity map of M , is given by the derivative
along the anchor,
∇ trivX (α) = an(X)(α).
For g = T (M), a Maurer–Cartan form on T (M) with values in k with respect to the trivial action
is a usual Maurer–Cartan form on the manifold M .
Lemma 4. Let g be a Lie algebroid over M , let k be a finite-dimensional Lie algebra, and suppose
that kM is equipped with an action ∇ of g along the identity map. For a map ω :g → kM of vector
bundles over M , the following conditions are equivalent:
(i) ω is a Maurer–Cartan form on g with respect to the action ∇ .
(ii) ω([X,Y ]) = [ω(X),ω(Y )] + ∇X(ω(Y )) − ∇Y (ω(X)) for any X,Y ∈ Γ (g).
(iii) (id,ω) :g → g  kM is a morphism of Lie algebroids over M .
In (iii), the semi-direct product g  kM is the bundle g ⊕ kM , with bracket defined by[
(X,α), (Y,β)
]= ([X,Y ], [α,β] + ∇X(β) − ∇Y (α))
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Proposition 5. Let k be a finite-dimensional Lie algebra, let G be a Lie groupoid with Lie al-
gebroid g acting on the Lie algebroid kM = k × M , and let ω :g → kM be a non-degenerate
Maurer–Cartan form on g. Then Ker(ω) is a developable subalgebroid of g.
Proof. Let G˜ be the source-simply connected Lie groupoid covering G, and let K be the sim-
ply connected Lie group with Lie algebra k. Write KM = K × M for the trivial bundle of Lie
groups over M with fiber K , which integrates the Lie algebroid kM . By [13], the action of g on
kM integrates to an action of G˜ on K (more precisely, an action on KM ), and we can form the
semi-direct product G˜ KM over M . (Its arrows are pairs (g˜, k), where g˜ :x → y is an arrow in
G˜ and k ∈ K ; composition is given by (h˜, l)(g˜, k) = (h˜g˜, l(h˜k)).) By Lemma 4 and [13, Propo-
sition 3.5], the morphism of Lie algebroids (id,ω) integrates to a morphism of Lie groupoids
(id,Ω) : G˜ → G˜  KM . Then Ω : G˜ → KM is a ‘twisted’ homomorphism,
Ω(h˜g˜) = Ω(h˜)(h˜Ω(g˜)),
whose kernel is a closed subgroupoid of G˜. This closed subgroupoid is easily seen to integrate
the Lie algebroid Ker(ω), hence the latter is developable. 
Let F be a foliation of a manifold N . Recall that a vector field Y on N is projectable with
respect to F if its (local) flow preserves the foliation, or equivalently, if the Lie derivative of
Y in the direction of a vector field tangent to F is again tangent to F . A foliation F of N is
transversely complete if any tangent vector on N can be extended to a complete projectable
vector field on N (see also Remark 15 below).
A subgroupoid H of a Lie groupoid G is transversely complete if the associated foliation
F(H) of G is transversely complete. For example, any transitive subgroupoid H of G is auto-
matically transversely complete [15, Proposition 11].
Our aim is to prove that for any transversely complete subgroupoid H of a source-compact
groupoid G (i.e. G is Hausdorff and its source map is proper), its Lie algebra h is the kernel of a
Maurer–Cartan form. This result can be interpreted as a generalization of Molino’s theorem for
transversely complete foliations. As in Molino’s case, it requires the Maurer–Cartan form to take
values in a Lie algebroid (see Example 8).
Let G be a Lie groupoid over M with Lie algebroid g. Let k be a Lie algebroid over W
equipped with an action of g along a submersion f :W → M . Recall from [13] that this means
in particular that k → W is a bundle of Lie algebroids over M , and that g acts on W and k, via
suitable maps R :Γ (g) → X(W) and ∇ assigning to each X ∈ Γ (g) a derivation (∇X,R(X))
on k. A Maurer–Cartan form on g with values in k is a section of the projection map of Lie
algebroids g  k → g over f :W → M . Such a section is given by a map ω :g → k of vector
bundles over a section α :M → W of f , with the property that
(
(α, id),ω
)
:g → f ∗(g) ⊕ k
defines a morphism of Lie algebroids g → g  k over α :M → W .
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bility with the anchor maps of g and g  k means that ω should satisfy the identity
an
(
ω(v)
)= (dα)x(an(v))− Rα(x)(v) (3)
for any x ∈ M and any v ∈ gx ; next, compatibility of the brackets can be expressed by the
equation
ω ◦ [X,Y ] = ([ω(X),ω(Y )]+ ∇X(ω(Y ))− ∇Y (ω(X))) ◦ α. (4)
Here X and Y are sections of g, while ω(X) and ω(Y ) denote arbitrary sections of k which
extend ω ◦ X :M → k respectively ω ◦ Y :M → k along the embedding α :M → W . It follows
from (3) that the right-hand side of (4) is independent of the choice of these extensions.
Example 7. A Maurer–Cartan form with values in a Lie algebra k (as discussed above) can be
seen as a special case of a Maurer–Cartan form with values in the Lie algebroid kM = k × M ,
where the action is taken along the identity map of the base manifold M .
Example 8. (Molino) Let M be a compact manifold equipped with a transversely complete
foliation F . The closures of the leaves of such a foliation are the fibers of a locally trivial fiber
bundle M → W of foliations [16]. There is the associated Lie algebroid b(M,F) over W such
that F is the kernel of a map of Lie algebroids over the projection M → W [14,17].
T (M) b(M,F)
M W
(5)
To see this as a Maurer–Cartan form, consider the Lie algebroid b(M,F) × M over W × M .
This is a bundle of Lie algebroids over M , and has the canonical action of the pair groupoid
M ×M (just by acting on the second component only). This action differentiates to an action of
T (M) on b(M,F) × M . The morphism of algebroids in (5) induces a section of the projection
T (M)  (b(M,F) ×M) → T (M).
Recall from [15, Theorem 13] that if H is a transversely complete subgroupoid of a Hausdorff
Lie groupoid G, then its closure H¯ in G is a closed Lie subgroupoid of G, and the space of right
cosets G/H¯ has the natural structure of a Hausdorff manifold such that the projection G → G/H¯
is a locally trivial fiber bundle.
We can now state our main theorem, which we shall prove in Section 4.
Theorem 9. Let G be a source-compact Lie groupoid with Lie algebroid g, and let H be a
transversely complete subgroupoid of G with Lie algebroid h ⊂ g.
(i) There exists a regular Lie algebroid b(G,h) over G/H¯ such that the projection G → G/H¯
lifts to a natural surjective morphism of Lie algebroids F(s) → b(G,h) with kernel F(h).
(ii) The natural action of g on G/H¯ lifts to an action of g on b(G,h).
(iii) The Lie algebroid h is the kernel of a Maurer–Cartan form on g with values in b(G,h).
(iv) The Lie algebroid h is developable if and only if b(G,h) is integrable.
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cally trivial bundle of transversely complete foliations (Theorem 16), and can in fact be replaced
by this weaker condition.
Part (ii) of Theorem 9 states in particular that b(G,h) is in fact a bundle of Lie algebroids over
the base space M of G; more precisely, its anchor is annihilated by the map T (G/H¯ ) → T (M)
induced by the differential of the source map. Thus, b(G,h) is a bundle of Lie algebras in case
the map s¯ :G/H¯ → M , induced by the source, is a diffeomorphism. The result of Douady and
Lazard [9] thus gives the following corollary:
Corollary 10. Let G be a source-compact Lie groupoid with Lie algebroid g, and let H be
a transversely complete subgroupoid of G with Lie algebroid h ⊂ g. Then H is developable
whenever the cosets of H are dense in the source-fibers of G.
Example 11. Let l be the Lie algebra of a compact connected Lie group L, and let ω be a non-
singular Maurer–Cartan form with values in l on a connected compact manifold M . Then ω
defines a transitive (hence transversely complete) subgroupoid H of the groupoid M × L × M
whose source-fibers are the holonomy covers of ω, see [15, Example 14]. If the holonomy group
of ω is dense in L, then the cosets of H are dense in M × L, hence H is developable by Corol-
lary 10.
The integrability criteria of Crainic and Fernandes [8, Corollary 5.2], applied to Theo-
rem 9(iv), shows that h is developable whenever b(G,h) has trivial center, or whenever each
of the (compact) fibers of the bundle s¯ :G/H¯ → M has finite second homotopy group. By con-
sidering the exact homotopy sequences of the associated fibrations we obtain in particular:
Corollary 12. Let G be a source-compact Lie groupoid with Lie algebroid g, and let H be a
transversely complete subgroupoid of G with Lie algebroid h ⊂ g. Then h is developable when-
ever one of the following conditions holds:
(i) (Local condition) The second homotopy group of each of the source-fibers of G is finite, as
is the fundamental group of each of the source-fibers of H¯ .
(ii) (Global condition) The homotopy groups π2(G), π1(H¯ ), π2(M) and π3(M) are finite.
Proof. As said, the conclusion follows if the fibers of the map s¯ :G/H¯ → M , induced by the
source map of G, have finite second homotopy groups. Now (i) follows by considering the exact
homotopy sequence of the fibration
H¯x → Gx → (G/H¯ )x,
where H¯x is the source-fiber at x of the groupoid H¯ , while Gx is the source-fiber at x of the
groupoid G, and (G/H¯ )x is the fiber at x of the map s¯. Next, (ii) follows by successively con-
sidering the exact homotopy sequence of the fibration (G/H¯ )x → G/H¯ → M , as well as those
of the fibrations H¯x → G → G/H¯ and H¯x → H¯ → M . 
Example 13. The corollary above applies to the case where M is a single point, because any
connected Lie subgroup H of a Lie group G is transversely complete, while the condition on
π2(G) is automatically fulfilled (cf. [2, p. 223] for a proof of this well-known fact). In this way
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Lie subgroup has infinite fundamental group.
2. Local triviality of bundles of transversely complete foliations
First, we recall some standard definitions. Let F be a foliation of a manifold N . Write X(F)
for the Lie algebra of vector fields on N which are tangent to F , and let L(N,F) be the normal-
izer of X(F) in the Lie algebra X(N) of vector fields on N . The vector fields in L(N,F) are the
projectable vector fields on (N,F) already considered in Section 1, and the quotient
l(N,F) = L(N,F)/X(F)
is the Lie algebra of transverse vector fields on (N,F). The transverse vector fields on (N,F) can
be identified with the holonomy invariant sections of the normal bundle ν(F) = T (N)/T (F).
Both L(N,F) and l(N,F) are modules over the algebra Ω0bas(N,F) of basic functions on
(N,F), and the quotient projection
L(N,F) → l(N,F), Y 
→ Y¯ ,
is Ω0bas(N,F)-linear.
A foliation F of N is transversely parallelizable [6,17] if there exists a global frame of ν(F)
consisting of transverse vector fields on (N,F). Such a frame of ν(F) is referred to as transverse
parallelism on (N,F).
A foliation F of N is locally transversely parallelizable if for any y ∈ N and any tangent
vector ξ ∈ Ty(N), there exists a projectable vector field Y on (N,F) such that Yy = ξ . A foliation
F of N is transversely complete [16,17] if for any y ∈ N and any tangent vector ξ ∈ Ty(N) there
exists a complete projectable vector field Y on (N,F) such that Yy = ξ .
Example 14. Consider a Maurer–Cartan form ω as in Proposition 5. Let kG be the trivial bundle
of Lie algebras over G, and let F(s) be the foliation on G by the fibers of the source map. Then
ω defines a flat F(s)-partial connection on kG, and hence a ‘monodromy’ map
Π s(G) → Aut(k).
If this map is trivial, i.e. if ω has trivial monodromy, then the invariant foliation corresponding
to Ker(ω) is transversely parallelizable. In particular, if G is source-compact and ω has finite
monodromy, then there exists a source-compact covering groupoid G′ of G with the same alge-
broid g, on which Ker(ω) defines a transversely parallelizable foliation.
Remark 15. (1) Note that a foliation F of N is locally transversely parallelizable if and only if
the evaluation map l(N,F) → νy(N,F) is surjective for any y ∈ N . Equivalently, a foliation F
of N is locally transversely parallelizable if for any y ∈ N there exist projectable vector fields
Y1, . . . , Yq such that ((Y¯1)y, . . . , (Y¯q)y) is a basis of νy(N,F). In particular, any transversely par-
allelizable foliation is locally transversely parallelizable. Any locally transversely parallelizable
foliation of a compact manifold is transversely complete. Examples of transversely complete foli-
ations also include foliations given by the fibers of locally trivial fiber bundles, and Lie foliations
on compact manifolds [10].
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that y ∈ N is a regular point of (Y¯1, . . . , Y¯q) if the normal vectors (Y¯1)y, . . . , (Y¯k)y ∈ νy(N,F)
form a basis of νy(F). The regular set of (Y¯1, . . . , Y¯q) is the set of all regular points of
(Y¯1, . . . , Y¯q), and will be denoted by
reg(Y¯1, . . . , Y¯q) ⊂ N.
This set is open in N , and also F -saturated because of the holonomy invariance of the transverse
vector fields. We say that (Y¯1, . . . , Y¯q) is a local transverse parallelism on (N,F) with regular set
reg(Y¯1, . . . , Y¯q). Note that F is locally transversely parallelizable if and only if the regular sets
of local transverse parallelisms on (N,F) cover N . If F is a locally transversely parallelizable
foliation of a manifold N , then any leaf L of F has an open F -saturated neighbourhood U ⊂ N
on which the foliation F |U is transversely parallelizable.
(3) Any locally transversely parallelizable foliation has trivial holonomy. Furthermore, any
transversely complete foliation F of a connected manifold M is homogeneous, i.e. the group
Aut(M,F) of its foliation automorphisms acts transitively on M . This is a direct consequence of
the fact that a vector field is projectable if and only if its (local) flow preserves the foliation. Any
strictly simple foliation (M,F) is simple; if the foliation is homogeneous, then these two notions
coincide [14, Theorem 4.3(vi)]. Note that simple foliations are preserved under the pull-back
along a covering projection, while strictly simple are not. Since the homogeneity is also preserved
under the pull-back along a covering projection, a homogeneous foliation is developable if and
only if its pull-back to a covering space of the manifold is simple.
(4) Recall that a homogeneous foliation F of N admits an associated basic foliation Fbas,
given by
X(Fbas) =
{
X ∈ X(N) | X(Ω0bas(N,F))= 0}⊃ X(F).
The foliation Fbas is again homogeneous, while Ω0bas(N,Fbas) = Ω0bas(N,F) and L(N,F) ⊂
L(N,Fbas). Furthermore, the space of basic leaves N/Fbas has a natural structure of a Hausdorff
manifold such that the basic projection πbas :N → N/F is a submersion, and Ω0bas(N,F) =
C∞(N/Fbas).
(5) Suppose thatF is a transversely complete foliation of a manifold N . By Molino’s structure
theorem [16], the closures of the leaves of F are the fibers of the associated basic fibration
N → N/Fbas, which is in fact a locally trivial fiber bundle of (Lie) foliations. In particular, this
implies that if two transversal vector fields on (N,F) agree at a point of N , they also agree along
the basic leaf through that point. Furthermore, the regular set of any local transverse parallelism
on (N,F) is Fbas-saturated.
Let F be a locally transversely parallelizable foliation of a connected manifold N , and let
s :N → M be a surjective submersion with connected compact F -saturated fibers. Since the
image of the homomorphism s∗ :C∞(M) → C∞(N) is a subalgebra of Ω0bas(N,F) and the
fibers of s are compact, it follows that F is transversely complete and therefore homogeneous.
It is clear that the compact fibers of s are also Fbas-saturated. Furthermore, the submersion
s factors through the associated basic fibration πbas :N → N/Fbas as a surjective submersion
s¯ :N/Fbas → M with compact connected fibers.
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submersion s : (N,F) → M with connected compact F -saturated fibers is actually a locally
trivial bundle of foliated manifolds.
Theorem 16. Let F be a locally transversely parallelizable foliation of codimension q of a
connected manifold N , and let s :N → M be a surjective submersion with connected compact
F -saturated fibers. Put m = dim(M) and q¯ = codim(Fbas). Then for any y ∈ N there exist vector
fields Y1, . . . , Yq ∈ L(N,F) ∩ L(N,F(s)) such that
(i) (Y¯1, . . . , Y¯q) is a local transverse parallelism on (N,F), regular on a neighbourhood of y,
(ii) ds(Yi) = 0 for i = m+ 1, . . . , q , and
(iii) dπbas(Yi) = 0 for i = q¯ + 1, . . . , q .
In particular, the restriction of F to any fiber Nx of s over x ∈ M is a transversely complete
foliation, and the submersion s : (N,F) → M is a locally trivial fiber bundle of foliated compact
manifolds.
As we shall show, this theorem is a consequence of Proposition 18 below, which we formulate
and prove first.
Suppose that φ :N → M is a surjective submersion, and write F(φ) for the foliation of N
given by the connected components of the fibers of φ. Let D be a subspace of L(N,F(φ)) and
C a subspace of X(M) such that dφ(D) ⊂ C. Then we say that the linear map dφ :D → C has
the lifting property if for any vector field X ∈ C and any ξ ∈ Ty(N) such that dφ(ξ) = Xφ(y)
there exists a vector field Y ∈ D such that Yy = ξ and dφ(Y ) = X. Thus the lifting property of
dφ :D → C in particular implies that dφ(D) = C.
Example 17. Let φ :N → M be a surjective submersion, and denote by F(φ) = Ker(dφ) the
foliation of N with the connected components of the fibers of φ as leaves. Then the Lie algebra
homomorphism dφ :L(N,F(φ)) → X(M) has the lifting property. In particular, the foliation
F(φ) is locally transversely parallelizable.
To see this, take any vector field X ∈ X(M) and any ξ ∈ Ty(N) with dφ(ξ) = Xφ(y). Note
that we can choose an open cover (Uα) of N and vector fields Yα ∈ L(Uα,F(φ)|Uα ) such that
dφ(Yα) = X|Uα . Furthermore, we can assume that y ∈ Uα0 , Yα0y = ξ and y /∈ Uα for α = α0.
Let (ηα) be a partition of unity subordinated to (Uα), and define
Y =
∑
α
ηαYα.
Then Yy = Yα0y = ξ and dφ(Yz) = Xφ(z) for any z ∈ N . Thus Y ∈ L(N,F(φ)) and dφ(Y ) = X.
Proposition 18. Let F be a locally transversely parallelizable foliation of a connected mani-
fold N , let s :N → M be a surjective submersion with connected compact F -saturated fibers,
and let s¯ :N/Fbas → M be the submersion induced by s. Then the homomorphisms of Lie alge-
bras
dπbas :L(N,F) ∩L
(
N,F(s))→ L(N/Fbas,F(s¯)),
ds¯ :L
(
N/Fbas,F(s¯)
)→ X(M)
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ds :L(N,F) ∩L(N,F(s))→ X(M)
have the lifting property.
Proof. Example 17 implies that ds¯ :L(N/Fbas,F(s¯)) → X(M) has the lifting property. Because
ds = ds¯ ◦ dπbas and L(N,F) ⊂ L(N,Fbas), we have
dπbas
(
L(N,F) ∩L(N,F(s)))⊂ L(N/Fbas,F(s¯)),
and it is sufficient to show that dπbas :L(N,F)∩L(N,F(s)) → L(N/Fbas,F(s¯)) has the lifting
property.
Write W = N/Fbas. Take any projectable vector field Z ∈ L(W,F(s¯)), and choose ξ ∈ Ty(N)
such that dπbas(ξ) = Zπbas(y). Put w = πbas(y).
First we shall show that there exists an open neighbourhood V of w in W and a vector field
YV ∈ L(π−1bas(V ),F |π−1bas (V )) such that Y
V
y = ξ and dπbas(YV ) = Z|V . To see this, choose pro-
jectable vector fields Y1, . . . , Yq ∈ L(N,F) such that y is a regular point of the associated local
transverse parallelism (Y¯1, . . . , Y¯q) on (N,F). Furthermore, we can choose these projectable
vector fields so that ξ =∑qi=1 ci(Yi)y for some constants c1, . . . , cq . Indeed, we can replace Y1
by the vector field Y1 +Y ′, for a suitable vector field Y ′ ∈ X(F), so that ξ is in the span of tangent
vectors (Y1)y, . . . , (Yq)y .
Denote Xi = πbas(Yi), for i = 1, . . . , q . We can reorder Y1, . . . , Yq , so that ((X1)w, . . . , (Xq¯)w)
is a basis of Tw(W). Therefore we can choose an open neighbourhood V of w in W such that
((X1)v, . . . , (Xq¯)v) is a basis of Tv(W) for any v ∈ V . By Example 17 there exists a vector field
Z′ ∈ L(W,F(s¯)) such that Z′w =
∑q¯
i=1 ci(Xi)w . Write
Z|V −Z′|V −
q∑
j=q¯+1
cjXj |V =
q¯∑
i=1
hiXi |V
and
Z′|V =
q¯∑
i=1
h′iXi |V ,
so hi, h
′
i ∈ C∞(V ), hi(w) = 0 and h′i (w) = ci , for i = 1, . . . , q¯ .
Let gi = hi + h′i for i = 1, . . . , q¯ , and put gi = ci for i = q¯ + 1, . . . , q . Thus for any
i = 1, . . . , q we have gi ∈ C∞(V ), gi(w) = ci and Z|V = ∑qi=1 giXi |V . Now we define
YV ∈ L(π−1bas(V ),F |π−1bas (V )) by
YV =
q∑
i=1
(gi ◦ πbas)Yi |π−1bas (V ).
We have YVy =
∑q
gi(w)(Yi)y = ξ and dπbas(YV ) =∑q giXi |V = Z|V .i=1 i=1
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fields Yα = YV α ∈ L(π−1bas(V α),F |π−1bas (V α)) with the property that dπbas(Y
α) = Z|V α . Further-
more, we can assume that w ∈ V α0 , Yα0y = ξ and y /∈ V α for α = α0. Let (ηα) be a partition of
unity subordinated to (V α), and define
Y =
∑
α
(
ηα ◦ πbas
)
Yα.
Observe that Y ∈ L(N,F) because the functions ηα ◦ πbas are basic, and that Yy = Yα0y = ξ .
Furthermore, dπbas(Yz) = ∑α ηα(πbas(z))Zπbas(z) = Zπbas(z) for any z ∈ N . Finally, we have
Y ∈ L(N,F(s)) because dπbas(Y ) = Z ∈ L(W,F(s¯)). 
Proof of Theorem 16. Since Ty(F) ⊂ Ty(Fbas) ⊂ Ker(ds)y ⊂ Ty(N), we can choose tan-
gent vectors ξ1, . . . , ξq ∈ Ty(N) such that their projections to νy(F) form a basis of νy(F),
ds(ξm+1) = · · · = ds(ξq) = 0 and dπbas(ξq¯+1) = · · · = dπbas(ξq) = 0. By Proposition 18 we can
choose vector fields Z1, . . . ,Zq¯ ∈ L(N/Fbas,F(s¯)) such that
(Zi)πbas(y) = dπbas(ξi), i = 1, . . . , q¯.
Set
Zi = 0, i = q¯ + 1, . . . , q.
Again by Proposition 18, we can find Y1, . . . , Yq ∈ L(N,F) ∩ L(N,F(s)) such that (Yi)y =
ξi and dπbas(Yi) = Zi . We can use the flows of the vector fields Y1, . . . , Yq to obtain a local
trivialization of s as a bundle of foliated manifolds, while the restrictions of Ym+1, . . . , Yq to
a fiber Ns(y) provide a local transverse parallelism on (Ns(y),F |Ns(y) ) for which y is a regular
point. 
Theorem 16 motivates the following definition. Let M be a connected manifold. A bundle
of transversely complete foliations s : (N,F) → M with connected compact fibers over M is
a manifold N , equipped with a locally transversely parallelizable foliation F and a surjective
submersion s :N → M with connected compactF -saturated fibers. In particular, any such bundle
is a locally trivial fiber bundle of foliations.
For such a bundle s : (N,F) → M we shall write
Ls(N,F) = L(N,F) ∩ X(F(s))
for the Lie algebra of s-vertical projectable vector fields on (N,F), which is the normalizer of
X(F) in the Lie algebra X(F(s)). Let
ls(N,F) = Ls(N,F)/X(F)
be the associated quotient Lie algebra of s-vertical transverse vector fields on (N,F). It is a
subalgebra of the Lie algebra l(N,F).
The subbundle Ker(ds) ⊂ T (N) of s-vertical tangent vectors, which is the tangent bundle of
the foliation F(s), will also be denoted by T s(N). We shall write νs(F) = T s(N)/T (F) for
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a map of vector bundles ν(F) → T (M) (which we denote again by ds) with kernel νs(F).
A transversal vector field on (N,F) is s-vertical if and only if it is a section of νs(F).
3. Developability of bundles of transversely complete foliations
Let s : (N,F) → M be a locally trivial fiber bundle of foliations with connected fibers. We
shall denote by Fx the restriction of F to the fiber Nx = s−1(x) over a point x ∈ M . We say that
such a bundle of foliations s : (N,F) → M is developable if the foliation (Nx,Fx) is developable
for every x ∈ M .
Our aim in this section is to provide some characterization of this notion of developability,
first in terms of the fiberwise fundamental groupoid of s (Theorem 21), and secondly in terms of
the integrability of an associated Lie algebroid constructed in Section 3.2 (Theorem 27).
3.1. The fiberwise fundamental groupoid
Let s : (N,F) → M be a locally trivial fiber bundle of foliations with connected fibers.
For any open subset U of M , we shall write N |U = s−1(U) and F |U = F |s−1(U). Note that
s|U : (N |U ,F |U) → U is again a locally trivial fiber bundle of foliations.
Denote by Πs(N) the monodromy groupoid of (N,F(s)). This groupoid can be viewed as the
fiberwise fundamental groupoid of the bundle s. The space Πs(N) is in fact a locally trivial fiber
bundle over M , and the map (t, s) :Πs(N) → N ×M N is a covering projection. We define the
pull-back foliation Πs(F) = (t, s)∗(F × 0), which is a right-invariant foliation of the groupoid
Πs(N). If M is a one-point space, the Lie groupoid Πs(N) is simply the fundamental groupoid
Π(N); the corresponding foliation Πs(F) will in this case be denoted by Π(F).
For a local section σ :U → N of s, defined on an open subset U of M , we define Πsσ (N) by
the following pull-back:
Πsσ (N) Π
s(N)
s
t
N
U
σ
N
The elements of Πsσ (N) are the homotopy classes of paths in s-fibers starting at a point in σ(U).
In particular, the restriction of the target map of Πs(N) to the fiber Πsσ(x)(N) = Πs(N)(σ (x), ·)
over a point x ∈ U is the universal covering projection onto Nx , and the restriction of Πs(F) to
Πsσ(x)(N) is the pull-back of Fx along the covering projection t :Πsσ(x)(N) → Nx .
Since s is a locally trivial fiber bundle of foliations, it follows that the map
s ◦ s = s ◦ t : (Πs(N),Πs(F))→ M
is a locally trivial fiber bundle of foliated Lie groupoids, i.e. for any x0, x ∈ M there is an open
neighbourhood U of x in M , and an isomorphism of Lie groupoids
Πs(N)|s−1(U) → Π(Nx0) ×U
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lar, the map s : (Πs(N),Πs(F)) → N is a locally trivial fiber bundle of foliations with connected
fibers.
Lemma 19. Let s : (N,F) → M be a locally trivial fiber bundle of foliations with connected
fibers. If σ :U → N is a local section of s, defined on an open subset U of M , then t :Πsσ (N) →
N |U is a covering projection, and
(
Πsσ (N), t
∗(F |U)
)→ U
is a locally trivial fiber bundle of foliated manifolds.
Proof. Take any x0, x1 ∈ U , and choose an open simply connected neighbourhood V of x1 in U
such that (N |V ,F |V ) is a trivial bundle of foliated manifolds, with a trivialization
μ = (δ, s) :N |V → Nx0 × V
which maps F |V to the foliation Fx0 × 0. Choose y0 ∈ Nx0 . Since t :Πsy0(N) → Nx0 is a cov-
ering projection and V is simply connected, we can lift δ ◦ σ |V to a map τ :V → Πsy0(N), so
τ(x) :y0 → δ(σ (x)) for any x ∈ V .
Define a map μ˜ :Πsσ |V (N) → Πsy0(N) × V by
μ˜(α) = (δ∗(α)τ(x), x),
for any α :σ(x) → y in Πsσ |V (N). This map is clearly a diffeomorphism, and the diagram
Πsσ |V (N)
μ˜
t
Πsy0(N) × V
t×id
N |V
μ
s
Nx0 × V
pr2
V
commutes. This shows that t :Πsσ (N) → N |U is a covering projection. Since the map μ trivial-
izes the bundle (N |V ,F |V ) → V of foliated manifolds, it follows that (Πsσ (N), t∗(F |U)) → U
is also a locally trivial fiber bundle of foliated manifolds. 
Next, we observe that strict simplicity is a fiberwise property:
Proposition 20. Let s : (N,F) → M be a locally trivial fiber bundle of foliations with connected
fibers. Then the foliation F is strictly simple if and only if for each x ∈ M the foliation Fx is
strictly simple.
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fibers. Since the fibers of s are saturated, the map f induces a surjective submersion f¯ :T → M .
In particular, the fiber Tx = f¯−1(x) is a closed submanifold of T . Moreover, the restriction
f |Nx :Nx → Tx
is a submersion with connected fibers and defines the foliation Fx .
Conversely, suppose that Fx is strictly simple for any x ∈ M . Equivalently, there is a structure
of a Hausdorff manifold on the space of leaves Nx/Fx such that the quotient projection Nx →
Nx/Fx is a submersion. Since N is a locally trivial fiber bundle of foliated manifolds, N/F can
also be given a structure of a Hausdorff manifold such that the quotient projection N → N/F is
a submersion. It follows that F is strictly simple. 
Theorem 21. Let s : (N,F) → M be a locally trivial fiber bundle of foliations with connected
fibers. The following conditions are equivalent.
(i) The bundle s : (N,F) → M is developable.
(ii) The foliation Πs(F) of Πs(N) is strictly simple.
(iii) For any open subset U of M with a section σ :U → M of s, the restriction of the foliation
Πs(F) to Πsσ (N) is strictly simple.
Proof. (i) ⇔ (ii). Recall that s : (Πs(N),Πs(F)) → N is a locally trivial fiber bundle of foli-
ations with connected fibers. If we apply Proposition 20 to this bundle, we see that Πs(F) is
strictly simple if and only if the restriction of Πs(F) to Πs(N)(y, ·) is strictly simple, for any
y ∈ N . But
t :Πs(N)(y, ·) → Ns(y)
is the universal cover of Ns(y), and the restriction of Πs(F) to Πs(N)(y, ·) is the pull-back of
Fs(y) along this covering.
(i) ⇔ (iii). By definition, the bundle s : (N,F) → M is developable if and only if the pull-
back of the foliation (Nx,Fx) to the universal cover of Nx is strictly simple, for any x ∈ M . This
is true if and only if the foliation (Πsσ(x)(N), t
∗(Fx)) is strictly simple, for any section σ :U → N
of s, because Πsσ(x)(N) is the universal cover of Nx . In turn, this holds true if and only if the
foliation (Πsσ (N), t∗(F |U)) is strictly simple. Indeed, to see this, apply Proposition 20 to the map
s ◦ t : (Πsσ (N), t∗(F |U))→ U,
which is a locally trivial fiber bundle of foliated manifolds. Since Πsσ (N) is a covering space of
N |U by Lemma 19, this completes the proof. 
Corollary 22. For a foliation F on a manifold M , the following two statements are equivalent:
(i) The foliation F is developable.
(ii) The foliation F , viewed as a subalgebroid of T (M), is integrable by a closed subgroupoid
of the fundamental groupoid Π(M).
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correspond to an invariant foliation of Π(M) by [15, Lemma 1], which is readily identified
with the foliation Π(F). Thus by Theorem 21, F is developable if and only if Π(F) is strictly
simple, and by [15, Proposition 8(ii)] this is the case if and only if F can be integrated by a
closed subgroupoid of Π(M). 
3.2. The basic Lie algebroid
As the main result of this section, we shall now construct a Lie algebroid associated to a
bundle s : (N,F) → M of transversely complete foliations, and show that integrability of this
algebroid is equivalent to developability of the bundle s.
Lemma 23. Let s : (N,F) → M be a bundle of transversely complete foliations with com-
pact connected fibers, and let πbas :N → N/Fbas = W be the associated basic fibration. The
groupoid N ×W N naturally acts linearly both on the normal bundle ν(F) and its subbundle
νs(F) along πbas.
Proof. For any (z, y) ∈ N ×W N and ξ ∈ νz(F), put
Θ(ξ, z, y) = Y¯y,
where Y¯ is any transverse vector field on (N,F) such that Y¯z = ξ . This definition is independent
of the choice of Y¯ by Remark 15(5). Using local transverse parallelisms and the corresponding
local trivializations of the normal bundle, it is straightforward to check that Θ is indeed a smooth
linear action.
This action restricts to an action of N ×W N on νs(F) by Proposition 18. Indeed, for any
(z, y) ∈ N ×W N and any ξ ∈ νsz (F), we can find Y¯ ∈ Ls(N,F) with Y¯z = ξ . 
Remark 24. Note that if y and z lie on the same leaf of F , the corresponding linear map
Θ(·, z, y) :νz(F) → νy(F) is simply the linear holonomy isomorphism of an arbitrary path in
the leaf of F from z to y.
Let s : (N,F) → M be a bundle of transversely complete foliations with compact connected
fibers over a connected manifold M , and write W = N/Fbas. We shall denote by
bs(N,F) = νs(F)/(N ×W N)
the space of orbits of the natural action of the groupoid N ×W N on νs(F) (Lemma 23). The
next lemma shows that the natural projection bs(N,F) → W is a vector bundle.
Lemma 25. Let s : (N,F) → M be a bundle of transversely complete foliations with compact
connected fibers, and let πbas :N → N/Fbas = W be the associated basic fibration. Then the
orbit space bs(N,F) has the structure of a vector bundle over W such that
(i) the quotient projection θ :νs(F) → bs(N,F) is an (N ×W N)-principal bundle, and
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νs(F) θ bs(N,F)
N
πbas
W
is a fibered product of vector bundles.
Proof. Since N is a principal N ×W N -bundle over W and the map νs(F) → N is (N ×W N)-
equivariant, it follows that there is a structure of smooth Hausdorff manifold on bs(N,F) such
that the quotient projection θ is a (N ×W N)-principal bundle. Since the action on νs(F) is given
by linear isomorphisms, the fibers of bs(N,F) → W have vector space structures such that the
restriction θy :νsy(F) → bs(N,F)πbas(y) of θ is a linear isomorphism, for any y ∈ N . Indeed, if
z ∈ N is another point on the same basic leaf as y, then θy ◦ Θ(·, z, y) = θz, where Θ denotes
the natural action of N ×W N on ν(F).
Take any local transverse parallelism (Y¯1, . . . , Y¯q) with regular set U , which is of the form
given by Theorem 16. It gives us a local trivialization of bs(N,F)
α :πbas(U) × Rq−m → bs(N,F)|πbas(U)
over πbas(U) by
α
(
πbas(y), tm+1, . . . , tq
)= θy
(
q∑
j=m+1
tj (Y¯j )y
)
.
This is well defined because for another point z ∈ U with πbas(y) = πbas(z) we have Θ((Y¯j )z,
z, y) = (Y¯j )y . Thus we can conclude that bs(N,F) is indeed a vector bundle over W . The dia-
gram in (ii) is a pull-back because θ restricts to the isomorphism θy on each fiber νsy(F). 
Recall that a Lie algebroid g over M is called regular if its anchor map has constant rank. The
image of this map then defines a foliation of M , to which we refer as the foliation associated
to g.
Proposition 26. Let s : (N,F) → M be a bundle of transversely complete foliations with com-
pact connected fibers. The bundle bs(N,F) has a natural structure of a regular Lie algebroid
over N/Fbas such that
(i) the quotient projection νs(F) → bs(N,F) over the basic fibration induces an isomorphism
of Lie algebras
Γ
(
bs(N,F))→ ls(N,F),
(ii) the foliation of N/Fbas associated to this regular algebroid is the simple foliation given by
the submersion N/Fbas → M induced by s, and
(iii) the natural projection T s(N) → bs(N,F) is a surjective morphism of Lie algebroids.
18 I. Moerdijk, J. Mrcˇun / Advances in Mathematics 210 (2007) 1–21Proof. The fact that the diagram in Lemma 25(ii) is a fibered product implies that any section X
of bs(N,F) induces a section π∗basX of νs(F), so we get a map
π∗bas :Γ
(
bs(N,F))→ Γ (νs(F)),
which is clearly Ω0bas(N,F)-linear (recall that the composition with the basic projection
πbas :N → N/Fbas = W gives us the identification Ω0bas(N,F) = C∞(W)).
Note that a section σ of the bundle νs(F) is a transverse vector field if and only if it is
holonomy invariant, i.e. if and only if
Θ(σz, z, y) = σy (6)
for any two points y, z on the same leaf of F . Furthermore, Remark 15(5) implies that for a
transverse vector field the condition (6) in fact automatically holds for any y, z on the same leaf
of Fbas. Thus, by the definition of bs(N,F) and by Lemma 25, the s-vertical transverse vector
fields on (N,F) are exactly those sections of νs(F) which can be projected along πbas to a
section of bs(N,F). We can therefore conclude that
π∗bas :Γ
(
bs(N,F))→ ls(N,F)
is an Ω0bas(N,F)-linear isomorphism. We therefore define a Lie algebra structure on Γ (bs(N,F))
so that π∗bas is also a Lie algebra isomorphism.
To give bs(N,F) a Lie algebroid structure, we have to define its anchor, which is a morphism
of vector bundles an :bs(N,F) → T (W) over W . We define it by
an
(
θy
(
ζ + Ty(F)
))= (dπbas)y(ζ )
for any ζ ∈ T sy (N). It is straightforward to check that bs(N,F) is a Lie algebroid over W and
that T s(N) → bs(N,F) is a surjective morphism of Lie algebroids. 
The Lie algebroid
bs(N,F)
over N/Fbas will be called the basic Lie algebroid associated to the bundle of transversally
complete foliations s : (N,F) → M .
Theorem 27. Suppose that s : (N,F) → M is a bundle of transversely complete foliations with
compact connected fibers. Then s : (N,F) → M is developable if and only if the associated basic
Lie algebroid bs(N,F) is integrable.
Proof. Recall from Theorem 16 that the restriction Fx of F to the fiber Nx over x ∈ M
is a transversely complete (and therefore homogeneous) foliation. Theorem 16 also implies
(Fx)bas =Fbas|Nx , so the fiber Wx = s¯−1(x) over x is the space of leaves Nx/(Fx)bas.
Since bs(N,F) is a locally trivial bundle of transitive Lie algebroids over M , its integrabil-
ity is equivalent to the integrability of each fiber. The restriction of bs(N,F) to the fiber Wx
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pact fiber Nx (see also [17]). On the other hand, developability of s : (N,F) → M is also given
fiberwise. Therefore we may assume without loss of generality that M is a one-point space. In
this case, the statement follows from the Almeida–Molino theorem for transversely complete
foliations of compact manifolds [17] (see also [14]). 
4. Proof of the main theorem
In this final section, we return to the setting of Section 1, and use the results of Sections 2
and 3 to prove Theorem 9. In the proof of this theorem, we use the following simple observations
on the universal covering groupoid G˜ and the fiberwise fundamental groupoid Π s(G).
Lemma 28. Let G be a Lie groupoid with Lie algebroid g.
(i) There is a natural action of G on Π s(G) which differentiates to an action ∇ by g on the Lie
algebroid T s(G) → G along the source map s :G → M . For any X ∈ Γ (g), the correspond-
ing derivation ∇(X) = (∇X,R(X)) is given by
R(X) = X˜−1
and
∇X(Y ) =
[
R(X),Y
]
for any Y ∈ Xs(G), where X˜−1 the image of the right-invariant extension X˜ of X along the
inverse map of G.
(ii) The universal covering groupoid G˜ of G embeds into G  Π s(G) as the full subgroupoid
on the space of units u :M → G, and this inclusion differentiates to the diagonal embedding
g → g  T s(G) of Lie algebroids.
Proof. Note that Π s(G) is a bundle of groupoids over M whose fiber over x ∈ M is the funda-
mental groupoid Π(s−1(x)) of s−1(x). The natural left action of an arrow g :x → y of G is the
map of fundamental groupoids Π(s−1(x)) → Π(s−1(y)) induced by the right translation Rg−1 .
The semi-direct product G  Π s(G) can be described explicitly as the groupoid over G whose
arrows g → g′ are pairs (h,α), where h : s(g) → s(g′) is an arrow in G and α :g → g′h is an
arrow in Π s(G). From this description it is clear that the restriction of GΠ s(G) to the units is
precisely G˜. The rest follows by straightforward inspection. 
Proof of Theorem 9. Before proving (i)–(iv), let us observe that since the source map of G has
compact fibers and the foliation F(h) ⊂F(s) is transversely complete, the map s : (G,F(h)) →
M is a bundle of transversely complete foliations with connected compact fibers. Moreover, the
foliations F(h) and F(s), as well as the basic foliation F(h)bas associated to F(h), are all right-
invariant.
The closure H¯ of H in G is a closed subgroupoid of G which corresponds to the basic foliation
F(h)bas, and the space of cosets G/H¯ is the associated space of basic leaves [15, Theorem 13].
Furthermore, the quotient projection π = πbas :G → G/H¯ is a locally trivial fiber bundle.
(i) We take b(G,h) to be the basic Lie algebroid bs(G,F(h)) associated to the bundle
s : (G,F(h)) → M . Proposition 26(iii) implies that we have a natural surjective morphism of
20 I. Moerdijk, J. Mrcˇun / Advances in Mathematics 210 (2007) 1–21Lie algebroids ω :T s(G) → b(G,h) with kernel F(h).
T s(G)
ω
b(G,h)
G
π
G/H¯
(7)
(ii) Note that the construction of b(G,h) in Section 3 is invariant under the right G-action, so
G acts on the Lie algebroids T s(G) and b(G,h), and the map ω is invariant under this action.
This action, formally inverted to a left action, differentiates to an action of g on b(G,h).
(iii) We claim that the restriction of ω to g ⊂ T s(G) provides a Maurer–Cartan form with
kernel F(h). By the action of g on b(G,h), diagram (7) gives us a map of Lie algebroids over G,
g  ω :g  T s(G) → g  b(G,h),
with kernel g F(h). Precomposing this map with the natural diagonal section g → g  T s(G)
over the unit section u :M → G, Lemma 28 provides a morphism of Lie algebroids
g → g  b(G,h)
over π ◦ u :M → G/H¯ , which gives us the required Maurer–Cartan form.
(iv) The foliation F(h) of G by cosets of H is locally transversely parallelizable, and by
Theorem 16 the source map s : (G,F(h)) → M is a locally trivial bundle of transversely complete
foliations with compact connected fibers. By Theorem 27 the basic Lie algebroid b(G,h) is
integrable if and only if the bundle s : (G,F(h)) → M is developable, and by Theorem 21 this is
true if and only if the corresponding foliation Π su(F(h)) of G˜ = Π su(G) is strictly simple (here u
is the unit section of the source map). By Proposition 1 this is equivalent to developability of the
Lie algebroid h. 
Remark 29. The vector bundle b(G,h) is a locally trivial bundle of Lie algebroids over M , the
fiber over x ∈ M being a transitive algebroid over s−1(x) ⊂ G/H¯ . If b(G,h) is integrable, write
B for its source-simply connected integral. Then B is a locally trivial bundle of transitive Lie
groupoids over M . It follows that B is Hausdorff. The action of G on b(G,h) integrates to an
action of G on B (see [13]), and the Maurer–Cartan form integrates to a twisted homomorphism
F : G˜ → B , whose kernel is the closed subgroupoid integrating h.
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